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A note on the topology of irreducible SO(3)-manifolds
Panagiotis Konstantis∗
Abstract
A connected, oriented 5-manifoldM is an irreducible SO(3)-manifold if there exists a rank
3 vector bundle η over M such that the tangent bundle is isomorphic to the bundle of
symmetric trace-free endomorphisms of η. In this article we give necessary and sufficient
topological conditions for the existence of irreducible SO(3)-manifolds. There we have to
distinguish if themanifold is spin or not. We also provide some new examples of irreducible
SO(3)-manifolds.
1 Introduction
Throughout this article let M be always a smooth, connected and oriented manifold. In
this paper our aim is to determine topological conditions for the existence of certain rank 3
subbundles of the tangent bundle for 5-manifolds. A related situation (cf. Remark 1.7) was
studied by E. Thomas in [Tho67a]. There he investigated the conditions to the existence of
two-fields on manifolds M of dimension 4k + 1 (k > 0). A two-field is a pair of tangent vector
fields which are linearly independent in every point of the manifold. Hence every two-field
determines a trivial rank 2 subbundle of the tangent bundle ofM. He proved the following
Theorem 1.1 ( [Tho67a, Corollary 1.2]). Let M be a closed, connected, spin manifold of dimension
4k + 1, k > 0. Then M admits a two–field if and only if w4k(M) = 0 and χˆ(M) = 0,
where w4k(M) is the 4k-th Stiefel-Whitney class of M and χˆ(M) is the semi-characteristic of M,
which is defined as
χˆ(M) =
2k∑
i=0
dimZ2 H
i(M;Z2) mod 2.
IfM is a spin manifold like in Theorem 1.1 with dimM = 5, we can apply Wu’s formula to see
that w4(M) = w2(M) ⌣ w2(M) = 0, hence we obtain
Corollary 1.2 (see also [Tho68]). Suppose M is a closed, connected spin 5-manifold. Then M admits
a two–field if and only if χˆ(M) = 0.
Later, M. Atiyah proved a more general theorem using K-theory, where M has not to be
spin.
Theorem 1.3 ( [Ati70, Theorem 5.1]). Let M be a connected, closed, oriented manifold of dimension
4k + 1, k > 0. Then M admits a two–field if and only if k(M) = 0, where
k(M) =
2k∑
i=0
dimRH
2i(X;R) mod 2
∗Phillips Universita¨t Marburg
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is the Kervaire semi-characteristic of M.
For an orientied 5–manifold M, both semi–characteristics are connected by the Lusztig–
Milnor–Peterson formula
k(M) − χˆ(M) = 〈w2(M) ⌣ w3(M), [M]〉,
where [M] ∈ H5(M) is the fundamental class (cf. [LMP69]).
The existence of a two–field on a 5–manifold M could be rephrased to the existence of
a rank 3 subbundle η of τM, such that the Whitney sum of η with a trivial rank 2 vector
bundle is isomorphic to τM. In this article we would like to study a similar situation. A
manifold M of dimension 5 is called an irreducible SO(3)–manifold if there is a rank 3 vector
bundle η over M such that the tangent bundle of M is isomorphic to the bundle of symmetric
trace–free endomorphisms of η (see Remark 1.7 for an explanation why such manifolds are
called irreducible). We will prove two main theorems about the topology of irreducible SO(3)-
manifolds, which may be summarized as follows:
Theorem 1.4. Let M be a closed, oriented and connected manifold of dimension five.
(a) Suppose w2(M) = 0 (i.e. if M is spin). Then M is an irreducible SO(3)-manifold if and only if
(i) w4(M) = 0 and the first Pontryagin class p1 ∈ H
4(M;Z) is divisible by five,
(ii) χˆ(M) = 0.
(b) Suppose w2(M) , 0 and H
4(M;Z) contains no element of order 4. Then M is an irreducible
SO(3)-manifold if and only if w4(M) = 0 and p1(M) is divisible by five.
For a simply connected, closed 5–manifold we have H4(M;Z) = H4(M;Z2) = 0 by Poincare´
duality and χˆ(M) = 1 + dimZ2 H2(M;Z2) mod 2. Hence we obtain
Corollary 1.5. Let M be a simply connected, closed 5–manifold.
(a) Let w2(M) = 0. ThenM is an irreducible SO(3)–manifold if and only if dimZ2 H2(M;Z2) is odd.
(b) Let w2(M) , 0. Then M is an irreducible SO(3)–manifold.
Furthermore from Corollary 1.2 we obtain that Theorem 1.4 (a) is equivalent to
Corollary 1.6. Let M be a closed spin 5–manifold. Then M is an irreducible SO(3)–manifold if and
only if M admits a two–field and p1(M) is divisible by five.
Remark 1.7. We would like to give an alternative definition of irreducible SO(3)–manifolds,
which will be needed for proving Theorem 1.4 (a). Let G be a Lie group and ρ : G → SO(n) an
embedding of G as a Lie subgroup of SO(n). Let τM be the tangent bundle ofM. A G-structure
on τM is a reduction of the SO(n)-principal bundle of τM to aG-principal bundle overM (where
n is the dimension of M). If we regard τM as a map from M to the classifying space BSO(n),
this definition is equivalent to the existence of a lift τˆM for τM such that the following diagram
commutes up to homotopy
BG
M BSO(n),
Bρ
τˆM
τM
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where Bρ is the map induced by ρ on the classifying spaces. The existence of such a lift can be
decided with obstruction theory, where sometimes the obstructions can be expressed in terms
of characteristic classes ofM.
The existence of a two-field is equivalent to the existence of a SO(n − 2)–structure on M
with respect to the standard embedding of SO(n − 2) into SO(n) (n = dimM). We call such a
structure a standard SO(n − 2)–structure on M.
For n = 5 there is another embedding of SO(3) into SO(5) besides the standard one (see
[ABBF11]): Identify R5 as a vector space with the space Sym0(R
3) of symmetric trace free
endomorphisms of R3. Then for h ∈ SO(3) and X ∈ Sym0(R
3) we set ρ(h)X := hXh−1. This
defines the irreducible embedding
ρ : SO(3) → End(R5), h 7→ ρ(h).
It is now easy to see that ρ(h) preserves the standard metric on R5, which makes ρ a map
into SO(5). It is clear that, as representations, the standard embedding and the irreducible
embedding of SO(3) into SO(5) are not equivalent. An irreducible SO(3)–manifold is an
SO(3)–structure with respect to the embedding ρ.
Historical remark. First steps were made in [Bob06] and later in [ABBF11]. The author
of [Bob06, Theorem 1.4] claimed that an irreducible SO(3)-structure exists if and only if the
manifold admits a standard SO(3)-structure and the first Pontryagin class is divisible by 5.
However in [ABBF11, Example 3.1] it was shown that the symmetric space SU(3)/SO(3) does
not have a standard SO(3)-structure, but it admits an irreducible SO(3)-structure. Nevertheless
in [BF06] M. Bobienski reports that the proof of Theorem 1.4 in [Bob06] should work if one
assumes the manifold is spin. Indeed we will prove in section 2 that this is true, but we will
use a different approach as in [Bob06] (Bobienski tries to compare the Moore-Postnikov towers
of the irreducible and the standard representation of SO(3), where in this article we apply the
methods of E. Thomas directly to this special case). In [ABBF11, Theorem3.2] the authors prove
some necessary conditions for the existence of an irreducible SO(3)-structure on a 5-manifold,
using a special characterization of the tangent bundle.
In section 2 we will prove Theorem 1.4 (a). In particular we will determine properties
of the obstructions for lifting a map ξ : M → BSO(5) to a map M → BSO(3) through the
fibration Bρ : BSO(3) → BSO(5). In particular we will use the techniques of E. Thomas,
see [Tho66], [Tho67b] and [Tho67a]. The second part of Theorem 1.4 will be proved in section
3, which is a quite short proof and depends heavily on the work of C˘adek and Vanzˇura,
cf. [CˇV93]. In that article the authors classify 3- and 5-dimensional vector bundles over certain
5-complexes. Note that we rely on the condition on H4(M;Z), since the classification of vector
bundles is given by characteristic classes (see e.g. [Tho68]), where this condition is necessary
(see also Remark 3.5).
The contents of the last section are examples of irreducible SO(3)–manifolds, where wewill
exploit Theorem 1.4. In particular: the symmetric space Y := SU(3)/SO(3) does not admit a
standardSO(3)-structure (since k(Y) = 1, seeTheorem1.3), but an irreducible onewith χˆ(Y) = 0.
So it was conjectured in [ABBF11], that χˆ(M) could be an obstruction to the existence of an
irreducible SO(3)–structure. However we will prove
Proposition 1.8. There is a compact and connected irreducible SO(3)–manifold M with χˆ(M) = 1.
The manifold mentioned in the proposition above is constructed as the total space of a circle
bundle over a simply connected, compact 4–manifold. We will also show
3
Proposition 1.9. The connected sum of an odd number of irreducible SO(3)–manifolds which are spin
is an irreducible SO(3)–manifold.
With propositionwe will be able to consider new examples of irreducible SO(3)-manifolds.
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2 Preliminaries for the Proof of Theorem 1.4 (a)
Wewill make use of the definitions of Remark 1.7. Let ρ : SO(3) → SO(5) be the 5-dimensional
irreducible representation of SO(3) and Bρ : B5 → B3 the induced map on classifying spaces
whereBk := BSO(k). LetMbe anoriented, compact 5-manifoldwithw2(M) = 0and τM : M→ B5
the classifying map for the tangent bundle ofM. Consider the following diagram
X = SO(5)/ρ(SO(3))
B3
E
M B5
Bρ
q
p
τˆm
τM
ThemanifoldM admits an irreducible SO(3)–structure if and only if there is amap τˆM : M→ B3
such that Bρ ◦ τˆM is homotopic to τM. So Theorem 1.4 (a) is implied by the following
Lemma 2.1. There is a topological space E and fibration p : E→ B5 such that
(a) The map τM : M→ B5 lifts to a map M→ E if and only if ρ5(p1(M)) = 0 and w4(M) = 0, where
ρ5 : H
∗(M;Z) → H∗(M;Z5) is the mod 5 reduction of integer cohomology classes.
(b) There is a fibration q : B3 → E such that a lift η : M→ E of τM lifts to a map M→ B3 if and only
if χˆ(M) = 0 (this condition depends only on M not on η).
Proof. We start the definition of E and the fibration p : E → B5. Therefore we need to compute
π3(X). Consider the long exact homotopy sequence for SO(3) → SO(5) → X and the fact the ρ
induces an isomorphism on the first homotopy groups of SO(3) and SO(5). By the Hurewicz
theorem and the fact that H3(X) = Z10 one obtains π3(X)  Z10. Assume now coefficients in
π3(X)  Z10  Z5 ⊕ Z2. The Serre exact sequence [Koc96, Proposition 3.2.1] for the fibration
X → B3 → B5 is
H3(X)
τ
−→ H4(B5)
Bρ∗
−→ H4(B3).
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where τ is the transgression map of the fibration X → B3 → B5. By the Universal Coef-
ficient Theorem we have H3(X;π3(X))  Hom(π3(X), π3(X)). Let γ1 ∈ H
3(X;π3(X)) be the
element which corresponds to the identity in Hom(π3(X), π3(X)). We consider the element
−τ(γ1) ∈ H
4(B5;π3(X))  H
4(B5;Z10) as a map −τ(γ1) : B5 → K(Z10, 4). Define the space E as the
pullback of the pathspace fibration ΩK(Z10, 4) → P → K(Z10, 4) by −τ(γ1). Hence one obtains
a fibration p : E→ B5 with homotopy fibre ΩK(Z10, 4).
We prove now (a). It suffices to prove that following conditions are equivalent:
(i) the map τM : M→ B5 lifts to a mapM→ E,
(ii) τ∗
M
τ(γ1) = 0,
(iii) τ∗
M
ker(Bρ∗) = 0,
(iv) τ∗
M
ρ5(p1) = 0 and τ
∗
M
w4 = 0,
(v) ρ5(p1(M)) = 0 and w4(M) = 0,
where p1 is the first Pontryagin class and w4 the fourth Stiefel–Whitney class of the universal
bundle oder B5.
The equivalence of (i) and (ii) is essentially proved in [Tho66, p.3], since the primary
obstructions oE and oB3 to lifting a map ξ : M → B5 to a map M → E and to a map M → B3 are
equal, and because oE is complete (since the homotopy fibre ofΩK(Z10, 4) of p is 4–connected).
Since im τ = ker(Bρ∗) and H3(X) is generated by γ1, we obtain that (ii) is equivalent to (iii).
Next we compute ker(Bρ∗) ⊂ H4(B4;Z10) = H
4(B4;Z5) ⊕ H
4(B4;Z2). It is known that
H4(B5;Z) = Z[p1] ⊕ 2-torsion and H
3(B5;Z) = H
5(B5;Z) = 0. Moreover the 2-torsion is of order
2. The long exact sequence associated to
0 −→ Z
·5
−→ Z −→ Z5 −→ 0
yields the short exact sequence
0 −→ 5 ·H4(B5;Z) −→ H
4(B5;Z) −→ H
4(B5;Z5) −→ 0.
Furthermore 5 ·H4(B5;Z) = 5Z[p1] ⊕ 2-torsion, hence
H4(B5;Z5) = Z5[ρ5(p1)].
Let ρT be ρ restricted to themaximal Torus of SO(3), then this map is given by ρT : S1 → S1×S1,
z 7→ (z, z2) (cf. [ABBF11, p. 69]). Hence Bρ∗(p1) = 10p1 thus Bρ
∗(ρ5(p1)) = 0. Finally we
would like to determine the kernel of Bρ∗ with coefficients in Z2. Again, it is known that
H4(B5;Z2) = Z2[w
2
2
,w4]. Using [MT91, Theorem 5.9] and the explicit map ρ : SO(3) → SO(5)
given in [ABBF11, p.68] we compute Bρ∗(w2) = w2 and Bρ
∗(w4) = 0. It follows that ker(Bρ
∗) is
generated by ρ5(p1) and w4 and this shows the equivalence (iii) and (iv).
From the naturality property of charactersitic classes we have τ∗
M
p1 = p1(M) and τ
∗
M
w4 =
w4(M) which shows that (iv) is equivalent to (v). This proves part (a).
We proceed with the proof of part (b). First note that Bρ∗(−τ(γ1)) = 0 since −τ(γ1) lies
in the image of τ. This means that Bρ ◦ (−τ(γ1)) : B5 → K(Z10, 4) is homotopic to a constant
map, hence there is a lift q : B3 → E of Bρ through p (cf. [Tho66, p.3]). We replace q by a
map which is a fibration and homotopic to q. Denote this fibration again by q. Let F be its
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homotopyfibre. From [Tho67b, p.189]we know that F is 3–connectedwithπ4(F)  π4(X). From
Lemma 3.2 in [ABBF11] and the long exact homotopy sequence it follows that π4(X)  Z2. Let
γ2 ∈ H
4(F;π4(F)) = Hom(π4(F), π4(F)) be the identity element as before. We assume from
now on coefficients in π4(F)  Z2. The Serre exact sequence [Koc96, Proposition 3.2.1] for the
fibration F→ B3 → E is
H4(F)
τ
−→ H5(E)
q∗
−→ H5(B3).
Suppose that η : M→ E is a lift of τM : M→ B5. From [Tho67b, p.190] we deduce that η lifts to
a mapM→ B3 if and only if η
∗τ(γ2) = 0. Hence it remains to prove there exists a lift η : M→ E
of τM such that the class η
∗τ(γ2) is mapped to χˆ(M) under the isomorphism H
5(M)  Z2. We
identify H5(M) with Z2. We will show
χˆ(M) = I2(M) = t
−1
5 (Ω(UM)) = η
∗τ(γ2). (∗)
In the lines which follow we introduce the objects in (∗) and prove the equalities.
The number I2(M) is defined in [Tho67a, p. 89] which is a mod 2 index of a two-field with
singularities onM. The first equality is a particular case of [Tho67a, Theorem 1.1].
For the second equality in (∗) let T be the Thom space of τM andUM ∈ H
5(T;Z) shall denote
the Thom class of T. Denote by t j : H
j(M) → H5+ j(T) the Thom isomorphism. Furthermore
recall first the Adem relation
Sq2Sq4 + Sq5Sq1 = Sq6.
Thus on integral classes of dimenesion ≤ 5 we obtain
Sq2Sq4 = 0.
Let Ω be the secondary cohomology operation associated to the above relation applied to the
cohomology of the space T, i.e. Ω is defined on u ∈ H j(T) ( j ≤ 5) provided Sq4u = 0 and its
image is a coset in H5+ j(T) by the subgroup Sq2H5+ j−2(T). Note first, that Ω is defined on UM
since Sq4UM = t4(w4(M)) and since η is a lift of τM : M → B5 we have w4(M) = 0 by part (a) of
this lemma. Second, by Poincare´ duality theWu class of Sq2 is w2(M), hence Sq
2H8(T) = 0 since
we assumew2(M) = 0 and thereforeΩ is single–valued. The second equality of (∗) follows now
from Theorem 2.2 in [Tho67a].
The last equality in (∗) can be shown as follows: Let γ5 denote the universal vector bundle
of B5 and T its Thom space andU the Thom class of γ5. IfY is a topological space and g : Y→ B5
is a continuous map, then we denote by TY andUY the Thom space and the Thom class of g
∗γ5.
Setw := w4 ∈ H
4(B5;Z2) and α := Sq
2. Then thew is realizable in the sense of (6.1) in [Tho67a, p.
102] and (w, α) is admissible, see [Tho67a, p.102, (6.2), (6.3)] and see [Tho67a, p.108] for a proof
that (w, α) = (w4, Sq
2) is admissible. Let p˜ : E˜ → B5 denote the principal fibration induced by
w = w4 considered as a map B5 → K(Z2, 4). From Theorem 6.4 in [Tho67a] we have that there
is an m ∈ H5(B5) and a k ∈ H
5(E˜) such that
UE˜ ⌣ (k + p˜
∗m) ∈ Ω(UE˜).
One computes that H5(E˜)  Z2 and k is the generator. The inclusion K(Z2, 4) → K(Z10, 4) 
K(Z2, 4) × K(Z5, 4) (which is on the first factor the identity and on the second it is the constant
map to the basepoint of K(Z5, 4)) induces a map f : E → E˜ such that f
∗(k) = τ(γ2). Hence by
the naturality ofΩ one obtains
UE ⌣ (τ(γ2) + p
∗m) ∈ Ω(UE).
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Using again the naturality of Ω with respect to the map η : M→ E we get
UM ⌣ (η
∗τ(γ2) + η
∗p∗m) = Ω(UM).
Observe now that H5(B5) is generated by w2 ⌣ w3 and w5. Since w2(M) = 0 and w5(M) =
Sq1w4(M) = 0 it follows that η
∗p∗m = 0. Hence UM ⌣ η
∗τ(γ2)) = Ω(UM), i.e. η
∗τ(γ2) =
t−1
5
(Ω(UM)), which proves the last equality and finally part (b). 
In Theorem 1.4 (a) we saw that an irreducible SO(3)-manifold Mwith w2(M) = 0 possesses
also a standard structure. Hence there are two different descriptions of the tangent bundle of
M. We close this section with a propositionwhich compares these two descriptions. In Lemma
3.1 of [ABBF11] the existence of an irreducible SO(3)-structure is equivalent to the existence of
a 3-dimensional vector bundle ξ over M such that the tangent bundle τM is isomorphic to the
symmetric trace-free endomorphisms Sym0(ξ) of ξ. On the other side, since M admits also a
standard SO(3)-structure, the tangent bundle is isomorphic to η⊕ ε2, where η is a rank 3 vector
bundle and ε2 the trivial rank 2 vector bundle overM. Finally to formulate the proposition, we
have to introduce a certain kind of operation on rank 3 vector bundles over 5-manifolds:
Letξ be a 3-dimensional vector bundlewith a spin structure overM. SinceM is of dimension
5, we have ξ ∈ [M,HP∞]  [M, S4]. Let g : S4 → S4 be a map of degree 5. Then g induces a map
G : [M, S4] → [M, S4], such that G(ξ) = g ◦ ξ. We denote by the same letter G the induced map
on [M,HP∞]. It is clear that G depends only on the homotopy class of g.
Proposition 2.2. LetM be a spin 5-manifold such that H4(M;Z) has no 2-torsion. Suppose furthermore
that M admits an irreducible SO(3)-structure. Let ξ be 3-dimensional vector bundle with spin structure
such that
τM  Sym
2
0(ξ).
Then we have
τM  G(ξ) ⊕ ε
2.
Proof. It is known thatH∗(HP∞;Z) = Z[u]where u ∈ H4(HP∞;Z). MoreoverwehaveG∗u = 5u
by definition and p1 = 4u where p1 generates the algebra H
∗(BSO(3);Z)/torsion. Therefore by
naturality we obtain p1(G(ξ)) = 5p1(ξ) = p1(M) and w2(G(ξ)) = 0. By Lemma 1 of [Tho68] we
have that τM and G(ξ)⊕ ε
2 are stably isomorphic and by Lemma 3 of the same paper we obtain
that they are isomorphic, sinceM admits a standard SO(3)-structure. 
3 Proof of Theorem 1.4 (b)
In this section we work under the assumptions of Theorem 1.4 (b) and let P : H2(M;Z2) →
H4(M;Z4) denote the Pontryagin square. Under these conditions the authors of [CˇV93] prove
the following:
Theorem 3.1. Let ξ be a vector bundle of rank 5 over M. Then ξ is uniquely determined by w2(ξ),w4(ξ)
and p1(ξ) such that
ρ4 p1(ξ) = Pw2(ξ) + i∗w4(ξ),
where ρ4 is the mod 4 reduction of an integral cohomology class and i∗ : H
∗(M,Z2) → H
∗(M,Z4) is the
induced map from the inclusion Z2 → Z4.
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Theorem 3.2. For every W ∈ H2(M;Z2) and P ∈ H
4(M;Z) there exists a 3-dimensional vector bundle
η over M with w2(η) =W and p1(η) = P if and only if
ρ4 P = PW
Remark 3.3. Theorem 3.2 was also proved by Woodward in [Woo82, p. 514] and by Antieau/
Williams in [AW14, Theorem 1]. Note that theminus sign in equation (2) of [AW14, Theorem 1]
is not correct. It should be either statedwithout theminus sign (which yields the same equation
as in Theorem 3.2) or the authors should use the first Chern class of the complexified bundle
and keep theminus sign (since the first Chern class is the negative of the first Pontryagin class).
Compare also [Woo82, p. 514] or [CˇV93, Theorem 2] for the correct signs.
Furthermore in [ABBF11] it was proven
Theorem 3.4. A 5-manifold M admits an irreducible SO(3)-structure if and only if there exists a
three-dimensional oriented vector bundle η over M such that the tangent bundle is isomorphic to the
bundle of symmetric trace-free endomorphism of η.
Combining these three theorems leads us to the
Proof of Theorem 1.4 (b). Suppose first that p1(M) is divisible by 5 and w4(M) = 0. Then there
is a P ∈ H4(X;Z) such that p1(M) = 5 · P. Moreover by Theorem 3.1 we have the relation
ρ4p1(M) = Pw2(M). Hence with coefficients in Z4 we obtain
ρ4P = 5 · ρ4P = ρ45 · P = ρ4p1(M) = Pw2(M).
Hence by Theorem 3.2 there exists a vector bundle η of rank 3 such that p1(η) = P and w2(η) =
w2(M). For the induced bundle of symmetric trace-free endomorphisms of η, ζ := Sym0(η) we
have
p1(ζ) = p1(M), w2(ζ) = w2(M), w4(ζ) = 0
(see [ABBF11, Theorem 3.2]). By Theorem 3.1 we have that ζ is isomorphic to the tangent
bundle of M and with Theorem 3.4 this proves that M admits an irreducible SO(3)-structure.
Now letM admit an irreducible SO(3)-structure. Then by Proposition ?? we conclude p1(M) is
divisible by 5 and w4(M) = 0. 
Remark 3.5. We believe that in the general case (i.e. without the assumption on H4(M;Z)) the
theorem should be true anyway. It is also reasonable to ask if a similar approach as in [Ati70]
could be used for the existence of an irreducible SO(3)-structure.
4 Examples
In [BN07] the authors classified homogeneousmanifolds with irreducible SO(3)-structures and
in [ABBF11] there were also some non-homogeneous examples mentioned as circle bundles
over complex surfaces. In [ABBF11] it was shown thatSU(3)/SO(3) does not possess a standard
SO(3)-structure but possesses an irreducible one with χˆ(M) = 0. So it was conjectured that
χˆ(M) is the second obstruction. However Proposition 1.8 is counterexample.
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Proof of Proposition 1.8. Let Σd be the zero set of the homogeneous polynomial
pd(X0,X1,X2,X3) = X
d
0 + X
d
1 + X
d
2 + X
d
3
inCP3 for d ∈N and d , 0. Σd is a 4-dimensional submanifoldwhich is simply connectedby the
Lefschetz hyperplane section theorem. Let u ∈ H2(CP3;Z) be such thatH∗(CP3;Z) = Z[u]/(u4).
Wedenote by the same letteru the restrictionof the generatorofH∗(CP3;Z) toΣd. The following
facts about Σd are well known
(a) The group H2(Σd;Z) has no torsion and its rank is equal to χ(Σd) − 2 = (6 − 4d + d
2)d − 2,
(b) the first and second Chern classes are given by c1(Σ) = (4− d)u and c2(Σ) = (6− 4d+ d
2)u2
respectively,
(c) for the first Pontryagin class we have p1(Σ) = (4−d
2)u2 and for the second Stiefel-Whitney
class one obtains w2(Σ) = d · u mod 2.
Let us consider the case d = 3. We set Σ := Σ3 and let β denote the intersection form of
Σ. It is known that this space is diffeomorphic to CP2#6CP2. Furthermore let w ∈ H2(Σ;Z)
such that w is orthogonal to u with respect to β and w , u, i.e. w ⌣ u = 0. Let π : M → Σ be
the S1-bundle over Σ associated to the class c := u + w. Using the Gysin-sequence for sphere
bundles one obtains (see also Remark 3.3 in [ABBF11])
(a) k(M) = χˆ(M) = dimRH
2(Σ;R) mod 2, hence k(M) = χˆ(M) = 1,
(b) M is not spin, since this is only the case if c ≡ w2(Σ) mod 2,
(c) we have c ⌣ 5u = 5u2 + u ⌣ w = 5u2 = p1(Σ), hence by the Gysin-sequence π
∗(p1(Σ)) = 0
thus p1(M) = 0,
(d) we also have w4(M) = π
∗(w4(Σ)). But w4(Σ) is the second Chern class c2(Σ) mod 2 and
therefore w4(Σ) ≡ u
2 mod 2. Again we have c ⌣ 3u = c2(Σ) hence by naturality we
obtain w4(M) = π
∗(w4(Σ)) = 0.
This shows that M is a non spin manifold of dimension 5 with p1(M) = 0 and w4(M) = 0.
Moreover H4(M;Z) has no 4-torsion which can be seen as follows: by the Gysin-sequence we
have that H4(M;Z) is isomorphic to H4(Σ;Z)  Z modulo the image of the map H2(Σ;Z) →
H4(Σ;Z), x 7→ c ⌣ x. We can choosew in such a way that the image is 3Z, henceH4(M;Z) = Z3
which means, that M can not be simply connected and furthermore that H4(M;Z) has no 4-
torsion. So by Theorem1.4 (b)M has to admit an irreducible SO(3)-structurewith χˆ(M) = 1. 
Proof of Proposition 1.9. If M1 and M2 are spin 5-manifolds then, the connected sum M1#M2
is again spin. The Kervaire semi-characteristic is computed by
k(M1#M2) = k(M1) + k(M2) + 1 mod 2.
Furthermore the first Pontryagin and the fourth Stiefel-Whitney class are additive under the
operation of building connected sums. Hence we obtain
k(#2k+1i=1 Mi) =
2k+1∑
i=1
k(Mi) + 2k mod 2
=
2k+1∑
i=1
k(Mi) mod 2.
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Now since Mi is a spin 5–manifold with an irreducible SO(3)–structure it admits a standard
SO(3)–structure (cf. Corollary 1.6), hence by Theorem 1.3 k(Mi) = 0 for all i = 1, . . . , 2k+1. Thus
k(#2k+1
i=1
Mi) = 0 and p1(#
2k+1
i=1
Mi) is divisible by 5, so #
2k+1
i=1
Mi admits an irreducibleSO(3)–structure
by Corollary 1.6. 
Example 4.1. Let N be a closed 3-manifold and Σ a closed surface both orientable. We will
show that connected sums of N × Σ admit an irreducible SO(3)-structure. First note that
both manifolds are spin. Moreover Steenrod showed that the tangent bundle of N is always
parallelizable. Hence M = N × Σ admits an irreducible SO(3)-structure. By Proposition 1.9
the manifolds #2l+1
i=1
(Ni ×Σi) have an irreducible SO(3)-structure whereNi and Σi are orientable
closed manifolds of dimension 3 and 2 respectively.
Example 4.2. There are two S3 bundles over S2. One is the trivial bundle covered by Example
4.1 and the other we denote by π : M → S2. In the following we will prove that M admits
an irreducible SO(3)-structure. M is simply connected with H2(M) = Z, H
4(M;Z) = 0 and
w2(M) , 0. Let τM and τS2 be the tangent bundle of M and S
2 respectively. Then τM = η ⊕ τS2
with η the vertical distribution of π : M → S2. It follows that 0 , w2(M) = w2(η) and p1(M) =
p1(η) = 0. Hence by Theorem 3.2, 3.1 and 3.4 we have that τM  Sym0(η). By Corollary 1.5 (b)
M admits an irreducible SO(3)-structure.
Remark 4.3. Note that every fibre bundle π : M → S3 is trivial if M is orientable and of
dimension 5, since π2 of the diffeomorphism group of an orientable surface always vanishes.
References
[ABBF11] Ilka Agricola, Julia Becker-Bender, and Thomas Friedrich. On the topology and
geometry of SO(3)-manifolds. Ann. Global Anal. Geom., 40:67–84, 2011.
[Ati70] Michael Atiyah. Vector Fields onManifolds. WestdeutscherVerlag, Ko¨ln undOpladen,
1970.
[AW14] Benjamin Antieau and Ben Williams. On the classification of oriented 3-plane bun-
dles over a 6-complex. Topology Appl., 173:91–93, 2014.
[BF06] Marcin Bobienski and Thomas Friedrich. Private communication between M. Bobi-
enski and T. Friedrich. 2006.
[BN07] Marcin Bobienski and Pawel Nurowski. Irreducible so(3)-geometries in dimension
five. J. Reine Angew. Math., 605:51–93, 2007.
[Bob06] Marcin Bobienski. The topological obstructions to the existence of an irreducible
SO(3) structure on a five manifold. arXiv, http://arxiv.org/abs/math/0601066, 2006.
[CˇV93] Martin Cˇadek and Jirˇı´ Vanzˇura. On the classification of oriented vector bundles over
5-complexes. Czechoslovak Mathematical Journal, 43(4):753–764, 1993.
[Hat01] Allen Hatcher. Algebraic Topology. Cambridge University Press, 2001.
[Her59] Robert Herrmann. Secondary obstructions for fiber spaces. Bull. A.M.S., 65:5–8,
1959.
10
[Koc96] Stanley O. Kochman. Bordism, Stable Homotopy and Adams Spectral Sequences (Fields
Institute Monographs), volume 7. Oxford University Press, 1996.
[LMP69] G. Lusztig, J.Milnor, andF. P. Peterson. Semi-characteristics and cobordism. Topology,
8:357–359, 1969.
[MT91] Mamoru Mimura and Hirosi Toda. Topology of Lie Groups, I and II. American Mathe-
matical Society, 1991.
[Spa66] Edwin Spanier. Algebraic Topology. Spinger, Berlin, 1966.
[Tho66] Emery Thomas. Seminar on Fiber Spaces. Lecture Notes in Mathematics, Springer,
1966.
[Tho67a] Emery Thomas. The index of a tangent 2-field. Commentarii Mathematici Helvetici,
42(1):86–110, 1967.
[Tho67b] Emery Thomas. Postnikov invariants and higher order cohomology operations.
Annals of Mathematics, 85(2):184–217, 1967.
[Tho68] Emery Thomas. Vector fields on low dimensional manifolds. Mathematische
Zeitschrift, 103:85–93, 1968.
[Woo82] L. M. Woodward. The classification of principal PUn-bundles over a 4-complex. J.
London Math. Soc. (2), 25(3):513–524, 1982.
11
